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Abstract 
This paper deals with the class of optimal convex lattice polygons having the minimal L~- 
diameter with respect o the number of their vertices. It is an already known result, that if P 
is a convex lattice polygon, with n vertices, then the minimal size of a squared integer grid in 
which P can be inscribed, is m(n) = (n /~)  n 3/2 + (9(n log n). The known construction of the 
optimal polygons is implicit. 
The optimal convex lattice n-gon is determined uniquely only for certain values of n, but in 
general, there can be many different optimal polygons with the same number of vertices and the 
same L~-diameter. 
The purpose of this paper is to show the existence and to describe the limit shape of this 
class of optimal polygons. It is shown that if P~ is an arbitrary sequence of optimal convex 
lattice polygons, having the minimal possible L~-diameter, equal to m(n), then the sequence of 
normalized polygons (1/diam~(P~)). P~= (1/m(n)). P~ tends to the curve 
1 _ X/1 _ 21xl - Ixl) 2, where x E [-½, ½], y2 = ( i  
as n--* c~. (~) 1998 Elsevier Science B.V. All rights reserved 
Keywords: Convex lattice polygon; Combinatorial optimization; Digital geometry 
AMS classification: 05D05; l lH06; 52C05 
1. Introduction 
In this paper we consider a class of  convex lattice n-gons with the property that 
they have the minimal diameter taken in the sense of  the L~-distance (the so-called 
maximum distance). In other words, if  
re(n) =min{d iam~(P)  IP is a convex lattice polygon with n vertices}, 
then a convex lattice n-gon P belongs to the considered class, if  its Lo~-diameter 
is equal to m(n). Such a polygon will be denoted by P~. The construction of  these 
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polygons is given in [5]. It is implicit because a sort is assumed. The optimal polygon 
P~ is determined uniquely only for certain values of n, but in general, there can be 
many different optimal polygons having n vertices and the L~-diameter qual to m(n). 
The purpose of this paper is to show the existence and to describe the limit shape 
of this class of polygons. It will be shown that after the normalization is applied to 
an arbitrary sequence P~ of optimal convex lattice polygons, the obtained sequence of 
normalized convex n-gons, (1/diamoo(Pn)). Pn=(1/m(n)). P~, tends to a fixed curve 
given by 
1 1 y2 =(½ _ xF -21x l -  Ixl) z, where x E[-g, 31, 
as n---*oo. The normalization is made with respect to the Loo-diameter. More 
precisely, if some shape S, with d iam. (S)=d is presented on [k,k + d] x [l, l + d], 
then its normalization is the shape S ~ = (1/diamoo(S)). S=(1/d) .  S presented on 
[k/d, 1 + k/d] x [l/d, 1 + l/d], such that every point (x, y) is replaced by the point 
(x/d,y/d). 
The basic idea used to obtain the equation of the limit shape of optimal convex 
lattice polygons having the minimal Lo~-diameter, with respect o the number of their 
vertices, is to derive a parametric equation which is satisfied by the vertices of the 
southeast arc. Namely, we will look for the parametric equations 
x=x(n,~) and y=y(n,o 0
which are satisfied by the x-coordinates and y-coordinates, respectively, of the vertices 
of the southeast arc of P~. The parameter ~ is the slope of the edge with the endpoint 
(x(n, ~),y(n,~)). If the parameter n tends to infinity and the normalization is applied, 
then these equations define the parametric curve given by 
and 
x(n, ~) ~2 + 2~ 
x=x(c 0 = l im m(n) -- 2. (~ + 1) 2 
y = y(a) = lim y(n, ~) _ ~2 
n--.o~ m(n) 2. (~ + 1) 2. 
An important observation is that the difference between two consecutive vertices of the 
normalized polygon P~ tends to zero as n ~ o0. 
It is a good luck that the parameter 0~ can be eliminated, which enables the equation 
of the limit shape of the southeast arc in the explicit form: 
y=l -~/1 -2x -x ,  wherexE[0,½]. 
The translation of the obtained parabolic arc for the vector (0 , -  ½) followed by the 
rotations around the point (0,0) for r~/2, 7t and 3rc/2 radians, provides the explicit 
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equations of the southeast, northeast, northwest and southwest arcs, respectively. The 
limit shape of the whole polygon can be given by the equation 
y2 =(1  _ , /1  - 21x l -  Ixl) 2, where xE[-½, ½]. 
There are two motivations for this paper: 
(i) The number of vertices of the convex hull of an observed set is a parameter 
appearing in estimations of the time complexity of many algorithms. Usually, 
the larger number of convex hull vertices implies the higher time complexity. 
The obtained result describes the shape for which this number is maximal and 
consequently 'the worst case' situations on the integer grid are characterized. 
(ii) Other types of limit shape theorems have been considered recently. The initial 
question, posed by Vershik, was whether a 'limit shape' to some set of convex 
lattice polygons exists? It is proved, in [7] and afterwards in [4], that as n ~ oo, 
almost all convex (I/n). Z2-1attice polygons lying in the square [-1,  1] 2 are very 
close to a fixed curve. It turns out o be the same curve as the one obtained 
in this paper. This limit shape is of a statistical nature; no sequence tending to 
the limit was pointed to. The central limit theorem in the case of the statistical 
interpretation of the limit shape is proved in [6]. It is proved in [8] that there is 
a limit shape to the Young tableaux on n elements equipped with the Plancherel 
measure. 
2. Preliminaries 
The convex lattice polygons having the minimal Lo~-diameter, with respect o the 
number of their vertices, have been intensively studied in [2,5,9]. Here we give a 
necessary overview of the results used. 
A convex lattice polygon is a polygon whose vertices are points on the integer 
lattice and whose interior angles are strictly less than rt radians (no three vertices are 
collinear). A polygon with n vertices will be called n-gon. 
Let e = [(xl, Yl ), (x2, Yz)] be an edge of the convex lattice polygon P. Let us denote 
the differences Ix2 -Xl[  and ly2 - y l l  by x(e) and y(e), respectively. For practical 
reasons we define the slope of e as y(e)/x(e). Three standard metrics for the length 
of the edge e will be used: 
Ll(e)=x(e) + y(e), L2(e)=`/x(e)  2 ÷ y(e) 2 and Loo(e)=max{x(e),y(e)}. 
The diameter of the polygon P, defined in the sense of the Lo~-distance is 
diam~(e) = max {L~([(xl, yl ), (x2, y2)]) I (xl, yl ) and (x2, Y2) 
are vertices of P}, 
while perl(P) and per2(P) denote the perimeter of P in the sense of the L1 and L2 
metrics, respectively. 
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If a and b are integers, then (a ,b)= 1 means that a and b are relatively prime. ~o(n) 
is the Euler function which denotes the number of integers from { 1,2 . . . . .  n - 1 } which 
are relatively prime to n. 
An optimal convex lattice n-gon will be denoted by P~. 
It is useful to introduce an increasing sequence of integers in the following way: 
t 
n(t)=4.  ~tp(s) ,  t----1,2 . . . . .  
s=l  
The function n(t) is monotonously increasing and unbounded. So, for any integer n, 
there exists an integer t satisfying n( t -  1)<<.n<n(t). It is already known [1] that 
t 
m(n(t)) =~ s. qg(s). 
s=l  
A lower bound of the sum of Ll-lengths of the edges of a convex lattice n-gon P 
can be obtained if it is taken 4 • q~(i) edges with the Ll-length equal to i, for every 
i E {1 . . . . .  t - 1} and n - n(t - 1)--n - 4. Ets-~ tp(s) edges with the Ll-length equal 
to t. Namely, there are no three parallel edges of P, since P is a convex polygon. 
So, there are at most four edges with the same slope (where the slope is taken in 
the above sense). Therefore, for any integer s, there are at most 4. cp(s) edges of the 
Ll-length equal to s. Let us note that (x(e), y(e))= 1 is assumed, for every chosen 
edge e, in order to minimize the Ll-perimeter of P. Thus, the established lower bound 
of Ll-perimeter of a convex lattice n-gon P is 
t--1 
(n - n(t-- 1)). t+4.  ~--]s. tp(s). (1) 
s=l  
Let R(P) be the minimal rectangle with sides parallel to the coordinate axes, which 
includes P. Since the projection of all edges of P covers exactly the perimeter of R(P), 
it can be concluded that the sum of the Ll-lengths of the edges of P is equal to the 
Euclidian perimeter of R(P). This implies: 
diamoo (pn) ~> per2 (R(p)) per4(Pn)>~[n_n( t_ l ) ]  t-1 - -  . ZS .  4 t + q~(s). 
s=l  
On the other hand, by Theorem 2 from [1] it follows that 
diarnoo(P . )<~2+[n-n( t -1) . t ]+~-~s.q~(s)  
4 s=l 
which gives that the Ll-perimeter of Pn satisfies: 
t--1 
perl(Pn) < 12 + (n -- n(t -- 1)). t + 4. ~ s. cp(s). (2) 
s=l  
The derivation is made in the 'greedy manner' and for more details we refer the reader 
to [1] and [2]. 
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Let a convex lattice n-gon P be given, and let the integer points Ao=(xo, Yo), 
A1 =(Xl, Yl) .... ,An = (xn, Yn) =Ao be the counterclockwise ordered vertices of P. Let 
el, e2 .... en be the edges determined by consecutive points from the previous equence, 
i.e., el=AoAl,e2=AlA2 .. . . .  en=An_lAn. Then the edges el,e2 .. . . .  en can be ar- 
ranged into four arcs. According to the angle between the positively oriented x-axis 
and the edges ei, i = 1,2 . . . . .  n, the following arcs can be distinguished: 
- -  the southeast arc which contains only edges whose angles belong to [0, ~),  • 
- -  the northeast arc which contains only edges whose angles belong to [~, 7t); 
- -  the northwest arc which contains only edges whose angles belong to In, ~) ;  
- -  the southwest arc which contains only edges whose angles belong to [~,  27z). 
The vertex Ao is chosen to be the one having the minimal y-coordinate, which has 
the minimal x-coordinate (the 'left lowest' vertex) and the vertex Ak is chosen to be 
the one having the maximal x-coordinate, which has the minimal y-coordinate ('lowest 
outermost right' point). For convenience and without loss of generality, let us assume 
Ao -- (0,0). Since the slope of the edge ei is equal to y(ei)/x(ei), it follows that the 
vertices of the southeast arc of the polygon P are of the form 
Ai = (x (e l )  + x(e2 ) + . . .  + x(ei), y(el ) + y(e2) +. . .  + y(ei)) for 1 ~< i ~< k. 
In the case when n = n(t) for some integer t, there exists a uniquely determined convex 
lattice polygon having n(t) vertices and the Ll-diameter equal to m(n(t)). The above 
defined four arcs are isometric. The southeast arc of Pn(t) has the vertices: 
A0=(0,0), Al=(x(el) ,  y(e l ) )=( l ,0 ) ,  
Az=(x(el)+x(e2),  y (e l )+y(ez ) )=( l+( t -  1), 1 + 1), 
Ak =A,~__.2 = (x(el) +x(e2) +. . .  +x(e,t,~),y(el) + y(e2) + ' "  + y(e~2)) 
--(m(n_(2t)),m(n_(2t))). 
The set S(t) of the edge slopes of the south-east arc of P.(t) is 
S( t )= ~y(e i ) . i= l ,2 ,  = :p+q<~t, (p ,q )= l  
I x(ei) .... ~ 
In the case when n # n(t), for any integer t, there can be many convex lattice 
n-gons with the optimal Loo-diameter. 
The following known results will be used in the proof of the main result of this 
paper: 
Fn(x)= Z 1= (p(n) 
n 
• x q- (9(2°J(n)), (3 )  
(p,n)=l 
p<~x 
(~o(n) is the number of different prime divisors of n.) 
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3 . X2 Z ~P(q) = ~-2 + (_9(x. logx), (4) 
q <~x 
Z q" ~o(q) 
q<~x 
2 . x3  a t- (.O(x2 " logx), 
Z tp(q) 6 q<~x - -~ = x--2 "x + ~(logx), 
¢P(q) • x 2 + (_9(x. 2~°(q)). ZP=2q 
(p,q)=l 
p<~x 
For more details about the derivations of the previous ums, see [3]. 
(5) 
(6) 
(7) 
3. Limit shape of arbitrary sequence of optimal polygons P~ 
In this section, the limit shape of an arbitrary sequence of optimal polygons P, will 
be derived. (x(n(t), or), y(n(t), ~)) will denote the endpoint of the edge, of the southeast 
arc of Pn(t), having the slope a, while (x(t,n,~),y(t,n, ~)) will denote the endpoint of 
the edge with the slope ct which belongs to the southeast arc of an optimal polygon 
P,, where n( t -  1)<~n<n(t). 
The first theorem establishes the equations which are satisfied by the coordinates of 
the vertices of the southeast arcs of a subclass of optimal polygons. 
Theorem 3.1. Let A0 = (0, 0),A1 = (0, 1) . . . . .  A ¼,(t) = (m(n(t))/2, m(n(t))/2) be the ver- 
tices of the southeast arc of the polygon Pn(t)" Let ~ be the slope of the edge Ai- iAi. 
Then the abscissa and the ordinate of the point Ai, i = O, 1 ..... in(t), satisfy the 
followin9 equations: 
x(n(t),~)= ~ ~ q+ ~ 
l~<q~<~' (p,q)=l g'4Tt <q<t (p,q)=l 
l <~ p<~ tq l <~ p<~t-q 
and 
y(n(t),~)= ~ ~ p+ ~ ~ p. 
l~<q~<~ (p,q)=l 7~<q<t  (p,q)=l 
l <<. p <~ q + l <~ p <~ t--q 
Proof. The set of the slopes of the edges of the south-east arc of the polygon P.(t) 
coincide with the set S(t)= {q£:p + q<.t (p, q)= 1}. Also, since the polygon Pn(t) is 
convex, the slopes of the edges ei, i= 1,2 ..... ln(t), of the southeast arc, form an 
increasing sequence: 
0 y(el) < y(e2) Y(e¼n(t)) 
1 -- x(el---) x-~2) <"" < x(e¼n(t))" 
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I f  A i (for arbitrary i) is a vertex of the south-east arc of Pn(t) and if ~ denotes the slope 
of the edge ei =Ai-lAi, then the coordinates of the point Ai = (x(n(t), ~), y(n(t), ~)) can 
be expressed as follows: 
x(n(t),~)= ~ q and y(n(t),ct)-- 
(p,q)=l (p,q)=l 
p+q<~t p+q<~t 
p. 
) 
In other words, the vector (x(n(t),~t),y(n(t), ~ ) is the sum of the primitive vectors 
from the triangle T(t,~) whose vertices are (O,O),(t,O),(t/(1 + ct),~t/(l + ~)). Further 
the triangle T(t, ~) is divided by the line x = t/(1 + ct) and the summation is made 
separately on the obtained sub-triangles, which completes the proof. [] 
The next theorem gives inequalities which are satisfied by the coordinates of the 
vertices of the southeast arc of an optimal polygon Pn" 
Theorem 3.2. Let A = (x(t, n, ~), y( t, n, ~) ) be an arbitrary vertex of the southeast arc 
of an optimal convex lattice polygon P,. Then the coordinates of A satisfy the fol- 
lowing inequalities: 
x(n(t - 12), ~t) = 
and 
y (n( t -  12),~) = 
q <x(t,n, ct)< 
(p,q)=l (p,q)=l 
p+q<~t--12 p+q<~t+ll 
~q<~ct ~q~Ct 
q = x(n(t + 11), ~) 
p< y(t,n,~)< 
(p,q)=l (p,q)=l 
p+q~t--12 p+q<.t+ll 
Eq<~Ct ~q<.ct 
p= y(n(t + 11),ct), 
where ~ is the slope of the edge with the endpoint A and n( t -  1)<~n<n(t). 
Proof. Let an optimal convex lattice n-gon be given and let the parameter t be chosen 
so that: n(t - 1)<<.n<n(t). In order to keep the upper bound (of the sum of the LI- 
lengths of the edges of Pn) established by (2), every edge with the Ll-length less than 
t - 11 must be taken and no edge with the Ll-length greater than t + 11 should be 
taken. This means that the edge slopes of any optimal polygon P, are all the slopes 
from the set 
S ( t -12)= {P:q p+q<<.t-12, (p ,q )= l} ,  
while the rest of n - n(t - 12) edges have slopes belonging to the set-difference 
S(t + 11) -  S ( t -  12). This completes the proof. [] 
The next theorem gives the asymptotic behavior of x=x(t,n, ot) and y=y(t,n,~t), 
as t, n ---* c~. 
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Theorem 3.3. Asymptotic expressions for the coordinates of the vertex A = (x(t, n, ~), 
y( t, n, ~t ) ) belongin9 to the southeast arc of an optimal attice convex polygon P~, are: 
t 3 ct 2 + 2~ 
x(t,n,~)= rt-- 2 • (co + 1) ----------~ + (9(t2 " logt) 
and 
t 3 ~2 
y(t, n, ct) =- -~ • (~ + 1)2 + C(t2 " log t), 
where n ( t -  1)<~n<n(t). 
Proof .  An asymptotic expression for x(n(t),ct) is 
x(n(t) ,~)= E E q+ E E q 
l~<a-< t---L- (p,q)=l -~i<q<t (p,q)=l 
l <~ p <~ ctq l <. p <~ t--q 
=~.  ~ q.( tp(q)+ dP(2c°(q)))+ E 
l<~q<~--~ t--L-<q<~t~+~ 
-- E q '  (qg(q) + O(2t°(q))) 
t L_ <q~<t 
~+1 
2t 3 3t ( t 2 ) 2 (  
= ~.  7~2(0~ + 1) 3 + ~-~ • t 2 _ . (C¢ + 1 )2 ~ t3 
+(9 (e+l )2 ' l °g~ +(9(t  2.1ogt) 
t 3 ~2 + 2~ 
- -  + g)(t 2 • log t). 
~2 (~ + 1)2 
t-(q~(q) + d)(2c°(q))) 
,3) 
(ct + 1 )3 
Ex<~t C(2°'(x)) -- C(t. logt) and (3 ) -  (5) are used. It is easy to see that 
t 3 o~ 2 + 2~ 
- -  + (9(t 2 • log t) 
•2 (~+ 1)2 
can be used as an asymptotic expression f r both x(n( t -  12),~) and y(n(t + l l),~). 
So, the statement follows by x(n( t -  12),~)<x(t,n, cQ<y(n(t + l l),~). 
The function y(t,n,~) can be estimated similarly by using (4)--(7). [] 
The following lemma shows that the vertices of (1/m(n)).P~ are distributed 'densely 
enough'. 
Lemma 3.1. The difference between the abscissas of two consecutive vertices of the 
southeast arc of the normalized polyoon (1/diamoo(P,)). Pn = (1/m(n)). Pn tends to 
zero as n ~ c~. 
Proof. Let Ai - I  and Ai be two consecutive vertices of the southeast arc of P~, with 
n( t -  1 ) <~ n < n(t). Let p/q be the slope of the edge Ai- 1Ai. Then the difference between 
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the abscissas of Ai-1 and Ai is q. Since qE cS(t+ 11) it follows that q<.t+ 11, which 
easily gives that 
q t+ l l  ~< 
re(n) m(n(t-  1)) 
t+ l l  
*0 as t--*cx~. [] 
: (2/~t2) • (t - 1) 3 + (9((t - 1) 2. log(t - 1)) 
The equations of coordinates of the vertices of the normalized polygon [1/m(n)]. Pn, 
are given by the next theorem. 
Theorem 3.4. The vertices of the southeast arc of a normalized optimal polygon 
(1/m(n) ). P~ satisfy the following asymptotic expressions: 
x =J?(t,n, c t ) -  2.  (ct + 1) 2 + (9 
and 
y=~(t,n,~t)= 2. (ct + 1) 2 + (9 
where ct is the slope of the edge with the endpoint (~(t,n, ct),fi(t,n,~)) and n(t -
1)<<.n<n(t). 
Proof .  3"  t3+ (9(t2"l°g t) can be used as an asymptotic expression for both m(n(t- 1 )) 
and m(n(t)). According to Theorem 3.3, since m(n(t- 1))<~diamo~(P~)<<.m(n(t)), we 
have that 
£(t,n,~)_x(t,n, ct) ~2 q-2~ (~)  
m(n(t)------~ - 2.  (= + 1 )2 + (9 
and 
fi(t,n, ct)--y(t,n, ot) O~ 2 (~)  
m(n(t)) -- 2 .  (or + 1)2 + (_9 
as t ~ cxD (equivalently for n ~ co). [] 
We conclude this paper with the required result. It shows that an arbitrary sequence 
of optimal convex lattice n-gons, after the normalization is applied, tends to a fixed 
curve as n ---+ c~. 
Theorem 3.5. The limit shape of optimal convex lattice n-gons, having theminimal 
L~-diameter, with respect to n, is given by 
y2=(½ _ v/1 -2 lx l -  Ixl) 2 where xE[ -½,1] .  
Proof. First, we show that the limit shape of the southeast arcs of the sequence of 
polygons P~ is given by the equation: y = 1 - vii - 2x - x where x El0, ½]. Namely, 
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by Theorem 3.4, 
y -  (1 - v/1 - 2x -x )  
=33(t,n, ~) - (1 - V/1 - 2X(t,n,~) -£(t,n,~)) 
~2 
-2 .  (~ + 1) 2 
- 1-  1 (e + 1)----------~ + (.0 2 . (e+ 1)2 +d~ 
2~+2 
2. (~+ 1) 2 
- +c°  
Hence, the statement holds for the southeast arc of P~ as t---+ oo, equivalently, n--+ oo. 
The translation of the southeast arc of P~ for the vector (0, -1  ) followed by the rotations 
around the point (0,0), for ~, rc and ~ radians gives the equations of the limit shape 
of the remaining three arcs of Pn. The common equation of these four parabolic arcs 
1 1 is: y2=(½ _ V/1 -2 lx l -  Ixl) 2, where x E [ -g,g] .  [] 
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